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Binary black-hole dynamics at the third-and-a-half post-Newtonian order in the ADM formalism
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We specialize the radiation-reaction part of the Arnowitt-Deser-Misner Hamiltonian for many nonspinning
pointlike bodies, calculated by Jaranowski and $ehdo third-and-a-half post-Newtonian approximation to
general relativity, to binary systems. This Hamiltonian is used for the computation of the instantaneous gravi-
tational energy loss of a binary to 1PN reactive order. We also derive the equations of motion, which include
PN reactive terms via Hamiltonian and Euler-Lagrangian approaches. The results are consistent with the
expressions for reactive acceleration provided by the lyer-Will formalism in a general class of gauges.
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I. INTRODUCTION integration method for the Einstein field equations developed
in Ref.[9].

Compact binaries are the most promising sources of de- This article deals with the 3.5PN gravitational damping of
tectable gravitational waves for ground and space based irtompact binaries regarded as point masses. We base our in-
terferometric experiments, TAMA300, GEO600, VIRGO, vestigation on thé\-body point-mass Hamiltoniari] calcu-
LIGO (Laser Interferometer Gravitational Wave Observa-lated by Jaranowski and Sdea within the Arnowitt-Deser-
tory) and LISA (Laser Interferometer Space Antepn8e-  Misner (ADM) Hamiltonian formalism of general relativity
cause of gravitational wave emission, the binary separatiobL0], which has proved to be very efficient in determining the
decreases adiabatically in time while the frequency increase@pproximate 3.5PN dynami¢4,11-13. A remarkable fea-
according to the relativistic version of the Kepler law. This ture of the ADM formalism at this level is the absence of
process ends as soon as the first unstable orbit is reach@gymptotic matching between the near field and the far field
before the coalescence. During the inspiraling phase the b@iven in a near-zone and a far-zone-defined coordinate sys-
nary system produces a most likely detectable signal. ThEEM: respectively. We can stay in one single global coordi-

construction of wave patterns for data analysis requires thgate system in all our calculgtlons, like in Réﬁ]_. Let_us
knowledge of the theoretical wave form to very high post_ment|0n that the ADM formalism does not provide directly

Newtonian ordef{see, e.g., Ref§1—4]]. This assumes a the balance equations between instantaneous losses and

good understanding of the compact-binary dynamics. Thfluxes, even when assuming quasistationarity in the radiation

lar effect ing the | i luti f ®mission. Although the ADM formalism gives us the con-
secular efiects governing the long-ime evolution are of pargq 6 totg energy, the balance between the lost energy of

ticular importance. Th'ey res.;u.lt from the reaction force due e matter system and the energy flux in the wave zone is
the quadrupole damping arising at the 2.5 order in powers Oﬁroved up to 3.5PN order onfgee, e.g., Ref14]].
v?/c?, v representing a typical orbital velocity amdstand- The main purposes of this work af8 to specialize the
ing for the speed of light in vacuum. For this reason, they arg\-hody 3.5PN ADM Hamiltonian of Ref1] to N=2, (ii) to
often referred to as the 2.5 post-NewtonidN) damping.  deduce from it the energy loss of a two-body system in gen-
The measurements resulting from the observation of theral orbits, andiii) to calculate the equations of motions in
Hulse-Taylor binary pulsar PSR 19336 show excellent the Hamiltonian form and in the Euler-Lagrangian form in
agreement with the values predicted by Einstein th¢bty  order to determine the radiation-reaction force. The expres-
A while ago, lyer and WiIll[6] derived the equations of sion obtained for the energy loss is different from that de-
motion for two non-spinning point-like objects, including the rived in Jaranowski and Scfea [1] and in lyer and Will[2],
first dissipative terms appearing at the 2.5PN and 3.5PN levbut the time-averaged expressions coincide in the case of
els, i.e. the quadrupole damping and its 1PN correction. Theguasi-elliptic orbital motion. The plan of the paper is to re-
proceeded by postulating a balance equation between the iduce the original Hamiltonian for two point masses. Next,
stantaneous flux of energy and angular momentum in the fawe perform a partial time differentiation to get the energy
zone on the one hand, and the instantaneous loss of enerfpss. On the other side, we compute the radiation-reaction
and angular momentum in the system’s near zone on thforce from the Euler-Lagrangian equations of motion. The
other hand. In a later papg2], they detailed their derivation corresponding energy loss turns out to be equivalent to the
and proposed an alternative method based on the specializareceding one after averaging. Our results are compared with
tion of the Blanchet's radiation-reaction potentials to binarythose of lyer and Will and the accessory gauge coefficients
systems, which led to the same res{iits More recently, the are determined explicitly. Hadamard regularization is sys-
dynamics of a two-body system at the 3.5PN order was detematically employed.
rived by Pati and Will in harmonic coordinatg8] using the We use units in which 16G=1=c, whereG is the New-
tonian gravitational constant, bG& andc are restored in the
presentation of our final results. In our notations the co-
*Electronic address: C.Koenigsdoerffer@tpi.uni-jena.de ordinate time. Characters in bold, like=(x'), represents a
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point in the 3-dimensional Euclidean spat®endowed with Where (§...)/(5...) denotes the Fahet derivative(see,

a standard Euclidean metric. The scalar product is denoteelg., Ref[16]) and wheres)" is the TT-projection operator
by a dot. Lettersa,b, ... are particle labels, so that, [see, e.g., Eq2.17) of [12]].

e R3 denotes the position of theth particle. We also define The HamiltonianH can be uniquely decomposed into a
Fai=X—Xa, la:=|la, Na=ra/ry; and for a#b, r,p:=x,  matter partH™ depending on the matter variables only, a
—Xo=Tp—Ta, Fap=|labl, Nap=Tap/Tap; | - . .| stands here field part,H™" depending on the field variables only, and an
for the Euclidean |ength of a vector. The momentum VeCtOﬁnteraction part,Him' depending on both sets of variables,
of the particlea with mass parametem, is denoted byp,  matter and field, in a way that it vanishes if one set is put to
=(pai). A dot over a symbol, like irx,, represents its total zero. In short, the full content of the field-plus-matter dy-
time derivative. The partial differentiation with respectdo  namics at the 3.5PN order is included in the Hamiltonian
is denoted byd;, or equivalently by a comma, i.el¢

=¢;.

t field int
H_35pn=HT35pnt HEgspnt HE 3 5PN (2.9
Il. 3.5PN FIELD EQUATIONS

The ADM formulation is based on a (31) splitting of ) o
projectiong; of the 3-metric on the spacelike hypersurfacesthan 3.5PN are included. In what follows, only the interac-
x°=t=const in a suitable coordinate grid and, on the othefion part of the Hamiltoniari2.5) will be needed12]. It has
hand, its conjugate momentumi!. In the so-called ADM been explicitly computed at the dissipative 3.5PN order in
gauge[11,12,15, the spatial metria;; decomposes into a Ref. [1] by J%rtanowskl and Scfe. Its truncation at thg
diagonal part (¥ 1)*s;, plus a parth!” transverse and 2.5PN levelH3 5y, takes the well-known form presented in

traceless with respect to the Euclidean mediic so that Refs.[12,17

4

9ij= & +hi' (2.1) HY5on Xa . Pa 1) = 57 X(a (D X(a)ij (Xa.Pa)  (2.6)

1+1
§¢

with g;h{i"=0. In addition, the field momentum'! is trace-
less:7''=0. Let us consider nowj;' as the new field vari-
able, and denote its conjugate momentumay . The de-
grees of freedom associated with! = 7'l — 7'iTT and the
potential¢ are removed by solving the constraint equations.
After inserting the values ofr'! and ¢ into the general
relativistic Hamiltonian of the isolated system under consid-

1 2
X(4)ij(xarpa)’=ﬁ Ea: H(paéij_:gpaipaj)
a

eration in an asymptotically flat space-time, the latter simpli- + L MaMy (3nLynl,— 80|
fies to a surface integral often referred to as the reduced 167 “7 67a Tap .
HamiltonianH. It is a functional of the independent degrees 2.7

of freedomh;" and /7T [10].
For a system oN point-like bodies with position vectors
X, and momentg, (a=1,... N), the Hamiltonian takes

the form The functionj((4)ij(t) comes from the post-Newtonian ex-

pansion of the retarded integral givihéT as a function ok,
and p, [1]. As dH/dx, and dH/dp, are differentiated for

H=H[Xa,pa, ", 7 7T]. (22 constanthjj’ and /™", the positions and momenta appear-
ing in Eq.(2.7) are not affected by the operatatsix, and
The Hamiltonian equations of motion for bodyare dldp, . In order not to confuse the latter particle variables

with the ones that are already present in the original Hamil-
tonian (2.2) and are affected by/dx, and d/dp,, we shall
mark them with a prime symbolx,,, py,. Thus, in our
notation, j((4)i,-(t) denotes the time derivative of
X(4)ij(Xar sPar)- _

and the field equations for the independent degrees of free- The 3.5PN Hamiltoniam sy, reads

dom read

. J .
P.=——— and Xx,= (2.3

IXq ap,’

J . SH 9 “We observe that there are few misprints in the expressions for
ijTT TTij T TTKI int : : ; ;
EW ==&y W, ot i :5”- ST’ (2.9 H3'5pns appearing |n[1]. We make approprlatg changes in those
Kl ™ expressions and their positions are enclosed in a box shape.
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HYox(X4 ,Pa 1) =5TX(4yij(Xq ’pa)[f[lij(t) +f[2ij(t) +|ﬁ3ij(t)|]+5 7T|5((4)ij(t)|[H1ij(Xa sPa) +ﬁ2ij(xa »1)]

=57 X @i (O 355(X4,Pa) + X ()i (D[Q1;(Xa »Pa 1) + Q" (X4 »1)]

P
+ ;[R’(xa,pa,tHR”(x,,,t)]. (2.9

HI .\ is parametrized by the following functions:

mb
) ; ( 2pa5|]+5pa|paj+pa bn b)

41 p3 8
Hlij(xaipa)‘zl_S 167 ; 3( pa5u+3pa|pa])+ & m

1/ 1)\? 1
5167 2 gar—ab{[lg(papb)—s(nab-pa>(nab-pb>]5ij—42paipb,»

—3[5(Pa- Po) + (Nap Pa) (Nap* Po) INapNhio+ 6(Nap: Po) (NhpPaj+ NhpPa}

1)\3 18
1677 E E E MaMpMe ﬁ(ﬁu 3r]abﬂ b)

41/ 1 \3 m2m,, 1
+1—5<E) Ea: bé:a r2 (5” 3nabnab)+ 45

ab a b#ac#ab ab' ca
180 ( 1 1 ) i 1 : 10{ (1 1 1) r2+ractri, }
- - N+ —nbonl [+ —| 4 —+ = —| - 22 D50 (2.93
Sabcl \fab  Sabc RabMap Sabc ab be abc lab Mbe fea Fablbel ca !
with Sabcizrab'f‘rbc‘f'rca,
1 1 my . .
HZij(Xavpa)’zg(E) ; 2 b{[S(nab'pa)z_p§]5ij_zpaipaj+[5p§_3(nab'pa)z]nlabn]ab
al a
. . 6 1\3 m2m, .
—6(nab'pa)(nlabpajJrnlabpai)}Jfg E) g ga 2 (3n5pnhp— 6ij)
1/ 1)\3 rca( rca) 13 40
+ === m,mpmey | 5—=- + - —|3;
10(1677) ; t;a cz,b amh c{ rgb MNoc Fablca TabSabc N
2
r r 5 40 ( 1 1 . laptr 1 1 88| . .
3ib bc3 - —+ ) 'bn bt ZM—].G T+T +2— n'abnjca ,
rca lablca labfca Sabc\lab Sabc Mye Fsb Tca abe
(2.9b
114 i i i j
M3ij(Xa Pa) =5 | 757 | 2 2 Mol ~5(NanPa) & + (Mab Pa)MapNhy+ 7(MbPaj + NayPai) ] (2.99

~ 1/ 1)\2
HZij(XaJ)‘:g(E) é Mot [5(naa"pa) _pzr]élj 2pa 1iPar J+[5pa’ 3(naa"pa) ]n arnaaf
a’' a'l aa’

6(naa"pa )(naa’pa J+naa’pa I)}+ 10

32 1 1 . )
1677) > > > mama,mb,[ ( + )n;,b,n‘a,b,

a a’ b'#a’ Saa’b’ \Fa’b’  Saa’b’

o Fay 12 )n‘

2 . )
[ ] ! _ J
+16 2 2 (naa’n 'b’+n a’na’b') 2 3 2 aa’nab’
ra’b’ Saa’b’

a’'b’ aa’b’
Moo [ Maar 5 8 1 1 :

+{ — ( = +3)— + —+ n.nl,
ra,b/ rabr rarbrraar Saa'b’ raar Saa’b’

laar I aar 17 4 8 1 4
5 ;a ( 1— aa ) n _ _ el
Mgy I ab larb'Taa’  Taa'Tab  Saa'b’ \Taa’  Ta'b’

+

5”] , (2.99
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With Sgarpr:=Fqar +Tap +rarpr - Variables originating fron‘nﬁT and 7T are primed. It is indeed crucial to distinguish the

particle positions and momenta inside and outside the transverse-tra@elg¢sgiantities at this stage.

The other four functions which entetls, are

Qi’j(xa1pa1t) 16(1677)2 - [ZpalpaJJrlz(naa’ pa)naafpa175p aa’ aa/+3(naa’ pa)2 arnga/]
a

(LN PPY;
(2.9
2
" 32 1 1 ; j Vaa’ 5 rba’
Q;](Xa, ) E g ry r + nabnab+ 3 3 + 3
/ a b#a a' Saba’ ab Saba’ rab Vabl aa’ rabraa!
n 8 1 n 1 i j raar+rbar+ 12 i j 532 1 2 i
BoaMaar 3 2 B Mpar 2 2 RapMoar [ »

Saba’ \Taa’  Saba’ Tab Saba’ Tab  Sabar (2.91)

With Sgpar:=Faptlaar T Mpar s

2 (1
R’(xa,pa,t)==ﬁ(@)§ , —[~5p3p%, + 11Pa- Par) >+ 4(Naar - Par) P2+ 4(Naar - Pa) D3,

a allla’

4 2 2 2
l l ma/mb/ raa/ raa/rab/ raa/
2
_12(naa"pa’)(naa"pa)(pa'pa’)]_ 105( 16 ) 2 2 3 -2 3 -5 Pa
& a a3’ p'+#a’ ma ra’b' ra’b’ I’a,b/
2 2 3
Maar 2 Maar 2 Maar
+4——(Naa - Pa) T 17| —— +Tap | (Narpr - Pa)“+2| 65—+ 17 0 | (Naar - Pa) (Narpy - Pa) (2.99
ra/b/ ra’b’ a’b’
and
1 m 7'2 7'2 7'2 4 7'2
a aa’ aa'’ ba' Taa’ 2 aa’
R”(Xaat) 105(16 ) 2 +2 3 _2 pa’_17< +rab (nab'pa’)z
T “a b#a 40 my Tab T rab a
2 3
2
aa"pa’) 2 aa' (nab'pa’)(naa"pa’)
Tab
2 2
+L 1 2 2 zl 2 +2_ 2 _2
210\ 167 a b#a g bz ,mambm“'mb' ropd (raa’ ab’) r (raa’ rba’)
a abl grpt b a'b’
o r r r r r r
ab 4 4 b b b 'yt '
2 o - 2 + 2 +17 2 + = + - (nab'narbr)z
ra,b, Yaplarp! ra,b, Tarp? Tarp? Tab r,,b
4
YabVaa'Tbp' 7' 2 1 1
_43—(naar nbbr)+6—(nab'narbr)+34raa, T+2_ (nab'narbr) . (Zgh)
ra/b/ ab a/b/ rab ra/b/

Now, we are in a position to reduce tiebody 3.5PN lll. ENERGY LOSS OF A TWO-BODY SYSTEM

Hamiltonian(2.8) to N=2. The result will serve as a base ~ o )
for the derivation of the gravitational energy loss of a com- L&t us denote by _; spy the Hamiltonian resulting from
pact binary moving in general orbits, like in Rél], and H=asen, EQ.(2.5), after writing the field part as a function
provide a reference to check the equations of motion thaof xa,pa,xa,pa and subtracting its 2.5PN and 3.5PN contri-
will be calculated afterward from this two-body Hamil- bution H%%, and HiEY from H™9 . By definition, we

tonian. have
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™ __pymat field _ pyfield _ field int (2.99 and (2.9b. For clarity, we also reintroduce the New-
H<aspi=H=ssont H<gson Hagen Hagen® Hgs'spg'l tonian gravitational constai@ and the speed of light.
3. In differentiating the Hamiltonian$2.6) and (2.8) with
which can be split into a conservative and a dissipative pantespect to time, we replace the time derivatives of the primed
coordinates and momenta according to the 1PN equations of

HsS.SPl\(Xa:pa:).(avbav - iognéN(Xa,pa,Xa,pa) motion:
+HIF 5o Xa Past), (3.2
where Xy = LE ;p{pl,
cons mat mat mat field int My Zszi, '
<gpn=HN T Hipnt (Hopnt HopntHop
G m,;
+ (HEEN+ HEBRT Hamy, (3.33 — =5 | 6P = 7p2r—(N1rzr-P2r)Nyrar |,
2c [1ro0 maqr
HESspn=Hb5en+ HE 5pn- (3.3b (3.79
The conservative Hamilton function corresponding to the ex-
pression3.33 is given in Refs[18,19. With the help of the
coordinate transformation described in R3], it is pos- X1 = Par 1 02Dy
sible to eliminate the dependence xpandp,. The differ- my  2¢C m§, 2
ence betweeh ©5S, andHYSS,\ in Eq. (3.2 relates to their s
H cons m1;
behaworsd\llwth respect to time reversHlZ;p is symmetric - — 6~ Dy — 7Py — (Nyrar- Py )Nyrar |,
whereasH 255, is antisymmetric. 2Cr 1o | Mys
The total time derivative oFl 5 cpyiS equal to its partial (3.7b
time derivative, the other terms canceling by virtue of the
equations of motion. Only the dissipative part it spy
depends explicitly on time, through the substitution of the G 2
L . My, My, G mq:my, (Myr +my,
transverse-traceless variables that have been replaced byp,, = — 21 2yt o2 (3 vz )nl,z,
their actual values. We get therefore Mo CZrl,z,
d. d- G
dat H 350N Xa ,PaXa Pa )= <35Pl\(xavpavxaapavt) 22 —(Nyr2r- P2 )P — (Nyrgr - P1r) P2
172’
d ; Moy, my
d 2
=~ HZspn(Xa P ). —3—2pZ,—3—p3,+7(p1 - P2r)
ml/ m2!
(3.9
The .insyantaneous energy Io§s of t_he matter system due to the +3(Nyrpr-P1)(Nyror-Por) nl,z,} , (3.70
gravitational wave emission is defined as
Lessnftim— —Fi oy oo Xa:Past). (3.5
=3. :=__S_ vayxapa . .
35P dt 35P arrartarta Gmlrmzr szllmzr(ml/+m21)
] p2/: 2—n1/2/_ > 3 nl/z/
Our task is now to computé_;spy for a system of two Y CTryrg
point-like bodies with massas, andm,.? We start by re-
writing the right-hand side of Eq3.5 [by means of Egs. . G (g P )Py — (Nyrgr- P )P
(3.3b and(3.4)] in the form 2¢2r2,,, vetrkerr Ar2rRrRe!
J . .
_ t t My, My,
L3 5pn=— E(H?.SPN_’_ HZspn)- (3.6 —3m—2pf, —3m—1p§,+ 7(p1r-P2r)
1’ 2!

Next, we insert formula$2.6) and (2.8) into Eq. (3.6), and
specialize all sums of Eq$2.7) and(2.9) for N=2. Notice +3(Nyrp-P1r)(Nyror-Par)
that the triple sumX,X,.,3..,, disappears in relations

nlrzr] . (37CD

2All algebraic computations are performed using the commercialThe calculation of the third time derivative & andR” is
softwareMATHEMATICA [20]. particularly tedious.
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The particle momenta,,,, is expressed in terms of the ratio parametew:=u/M. The individual masses); andm,
particle coordinate velocities,;,» up to the 1PN ordefsee, are given in terms ofc and v by
e.g., Eq.(4.]) of [21]] by

1 M
py=mMmyV;+ ?mlva1 my= o~ (1+V1-4w), (3.10a

Gmym,

502 [6vi—7vo— (N2 Vo)ngp],  (3.83 u
€2 M= 5—(1=1-4v), (3.100

P2=MaVo+ — MaV3V,
2¢ assumingn;=m,. We also express the velocities of the bod-

ies in the center-of-mass frame as a function of their relative

—[6V,—7vi— (N1 vi)ng,].  (3.80) velocity V=V1p=Vi— V) and of their separation=r,:=X;

ZANEY! —X,=Tr,—r, with v=r. This is achieved by means of the

relations linking the positions of the individual particlesrto

at the 1PN ordefsee, e.g., Eq2.4) of [23]]:3

Gmym,

Analogous relations hold fgo,, andp,: .
The time derivatives of the primed coordinates and

X, coming from the differentiation oﬁ§3,5pN in Eq. (3.5

equate the primed coordinate velocitieg and v, . We I _ M
eliminate all accelerations by making use of the 1PN equax, = i+ 'u(ml—rnZ)<V2_ G_) r, (3.11a
tions of motion[see, e.g., Eq(1.5 of [15] ]: |M 2c2M? r
. Gmy, Gmy,
Vl’:_Z—nl’2'+2—2 [4(”172/'V1/) [ “ M(ml_mz) GM
|t e (3110
_3(n1727'V21)](V17_V2r)
5 5 3 ) . . ,
| =2, = 2v2, +A(vy vy ) + E(nl’Z"VZ’) wherer =|r|. By differentiating Eqs(3.11) with respect to
time and eliminating the temporal derivatives with the aid of
G the Newtonian equation of motion
+ _(5m1/+4m2/) nlz] y (393
rllz!
. GM
: Gmy, Gmy, V=- 2 n, (3.12
Vzr:+ 2 n1/2/+2—2 [4(”1/2/'V2/)
12’ 12’
—3(Nyrpr V1) J(Ver = Vor) wheren:=r/r, we are led to
—| —VvZ,—2V%, +4(vy, v )+§(n vi)?
' ! 17 VvVor 121 Vqr
S 2 2w NI o SR
V= v Vv——[v+(n-v)n]|,
Yae1-4r 2¢? r
+ (5my +4my) [Ny (. (3.9b (3.133
r1/2!
At this stage, we can identify positions and velocities of
particles inside and outside the transverse-traceless variables,, _ —2w + vi-4v W2V — G_'“[VJF(n.V)n]
(i.e. the primed and unprimed quantitieds the limit x;, 2 1-J1—4» 2¢c2 r '
—Xq, Xor— X, IS singular, we shall resort to the Hadamard (3.13b

regularization procedure described in the Appendor a
more detailed investigation, see pafi22] and the references
therein. The computations are extremely long, but straight-Finally, we arrive at the instantaneous energy [&4:
forward.

To write the final formula for the energy loss in a more
compact way, we introduce the total mass of the systém  3At the 1PN order the Eq$3.11) in ADM gauge and in harmonic
:=my+m,, the reduced masg:=m; m,/M, as well as the gauge are identical.
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G2M?2
r2

o _4 G2M 32
£S3.5PN_E C5r3

+[11v2—9(n-v)2]$+[11v4—60(n-v)2v2+45(n-v)4]}

G3Mm3 G2Mm?2

1 G2M32
+[(— 1615+ 776v)V2+ (2733+92v) (n- v)?]

+ S —
105 ¢7r3

[(5—1041/) 3 %

GM
+[ —(1308+ 13720)v*+4(4158+ 1577v)(n-v)2v?— 3(5174+ 1496v) (n- v)4]7

+[ — (164+ 1064v)V8+3(716+ 1562v)(n-v)?v*— 15324+ 56v)(n- v)*v2+ 105 28— 22v)(n- v)e]] .

(3.19

The comparison of the expression above for the instantaNext, we substitute Eq3.16) to v2 in the instantaneous en-
neous gravitational energy loss with the known instantaneousrgy loss(3.14), and eliminate the relative distancn favor
far-zone flux[see Eq.(51) of [25] corrected by an erratum of the reduced energy with the aid of E¢3) in Ref.[27]:
and equation below Ed3.40 of [26]] shows that they are
not either identical. This is nothing to worry about since the

form of the instantaneous gravitational energy loss in an iso- GM 1 E
lated system is as wetloordinateas representatiordepen- r=———=—1+ =(7—v)—]|. (3.17
dent. 2E 2 c?

We also observe that the expressi@114) is different

from formula (73) (in the work of Jaranowski and Sdea , o
[1]) at the 3.5PN order. However, the difference may be exA\S & consequence, the time-averaged energy loss specialized

pressed as a total time derivative. To verify that, we comi0 the case of circular orbit&.o,) reads
puted <£(§1)3_5P@ and (£¥, ..y, the orbital average of
LY oo and L5 oy, respectively, using the prescription

given in Ref.[26], for quasi-elliptical orbital motion and (c co_ 1024 V(—E)° N (—BE) (E—Sv)
found (£, 5o = (L3 spp- SO, we recover Eqg4.20 and =3:5PN 5  5G c2 168 '
(4.21) of Ref.[26]. The important point is that all averaged (3.18

losses coincide.

In the following, we shall make the assumption that the
binary has entered the inspiraling phase, so that its relativéVe recover formulg4.20 in Ref. [26] with eg=0 (due to
motion is quasicircular. The investigation appears to be simthe fact that the orbits are quasicircylarhis is in agreement
pler in this case, since all terms involving the factor ¥) with Eq. (81) of Ref.[25]. Processing Eq4.6) or Eq.(73) in
vanish. The averaging is performed by expresﬂ@,t—,p,\‘ as  Ref.[1] in a similar way ends in the same result. The instan-
a function of E. According to Eq.(3.39 in Ref. [26], we taneous gravitational energy l0£s ; spygiven in Eq.(3.14
have, for the energyreduced by the facton), will be taken as reference to check the equations of motion

that will be determined in the next section.
1 GM

— \2 4
E—2v ; +802(1 3v)v
IV. HAMILTONIAN EQUATIONS OF MOTION
GM GM . . .
+ — | (3+ )V +p(n-v)2+ —|. (3.19 In this section we compute the reaction part of the equa-

2rc? r tions of motion
The right-hand side depends on the relative veloeitgnd
the relative distance, whereas the symbd in the left-hand HHNt int
side may be viewed as an adiabatic parameter. By solving pa=— ——N gnd xg=——aN 4.1
Eq. (3.15 for v2, we find IXa IPa

E2(—3+9v)+ ﬂE(— 12+16v) in a fully explicit form in terms ofx;,X,,p; andp,. For this
r goal, we have to differentiate the Hamiltoniafs.6) and
(2.8) with respect to the particle coordinategand the par-
_ (3.16 ticle momentg, with a=1,2 and apply the Hadamard regu-
larization procedure described in the Appendix. We fiad|

) 2 1
V=2E+ 4+ =
r C2

2M2
+

(—10+7v)

r2
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KONIGSDORFFER, FAYE, AND SCHAER PHYSICAL REVIEW D68, 044004 (2003

1

X1= =

24 16 ,) 16 8m, 8
g(n'pl) -z +§(p1-p2) n _3_ml(n'p1)_1_5(n'p2) P1

G2 24 m,
Z|| 5 (n-p)(n-py) + e

GZ
2| [ md

748 , 12 172, 1 (104 324
+E(n~p1)(n~p2)p1+ 7(n~p1) (pl'p2)+¥p1(pl'p2) "‘m T(n'pl) (n-py) _E(n'pz) p

c

1 148 3
% _T(n'pl) (n-p2)

60 4
(n-py)*= = (n-py)pi+ 5epi | +

16 36
+—(n pl)pz)) o (

1

432 136 , 182 172, .\ 18 ,
_E(n'pl)(n'pZ)(pl'pZ)_E(pl'pZ) +§(n'pl) P2— 1_05p1p2 +m_§ 7(n-p1)(n-p2)

202 176 , 52 ,
+ E(n'pz) (P1-P2)— E(n'pl)(n‘pz)pz"' ﬁ(pl' P2)P5

m, 3 4 3y 16

64 1136

, , 184 1 (76 , 376
7(n-p1) (n'pz)—m(n'pz)pl—g(nﬁﬂ(pl'pz) +m 7(n-p1)(n‘p2) +1—05(n-p2)(p1~p2)

!
mi

992 1 208
) pl
2

1
—__(n. 2 34

1(76 . 108 ,
m_% g(n'pl) —?(n'Pl)Pl

292 2
o2 35 (MPU(-pe)

664
(n P)(N-p)+ 5 (n-pa)pi+ 21(n P(P1-P2) |+

G3
pz} )

248 2, 3756 852 5 2106 5032 158 )
—?(n P+ 35 — (N-pp)(n-py) + 35 Dr@(pl'pz) +my E(”'Dl)(n'Pz)—?(n'pz)

1 (
+

mg 7862 2, 4129
m. | ~ 105 (N-PU** 55 P

1928 52
105(” P2)(P1-P2)+ 105(” P1)P3

+m,

484 97

_ﬁ(pl‘pZ) 5p2 n+

617m 2588 431 64
T5m, ——2(n-py)+m, E(”'Pl)—ﬁ(n'pz) —1—05m1(n-p2) P1

484

103 G* s
—ﬁ(n-le?(wpz)) P2| + -3 — (mim3+mmi)n |, (4.2

1469
ma(N-py) +my

- 35

X,=(1=2). (4.2b

For the time derivative of the particle momenta, we get

1 63 56 56 6, 16
P1=—5 C5 4 lsmlmZ(n pl) 15m1m2(n pZ) 5 m1m2p1+ €m1m2p2
c2([m, . 116 198 AR , 180 ,
+_ U A P1)°Pi— 5z (N-py)PL |+ —| 30(n-p1)*(n-py) = —==(n-p1)*(n-p2)p;
| r3 || m? 35 m? 7

18 , 184 . 568 5
+7(n-p2)p1—7(n-p1) (P1-pP2)+ E(n-pl)pl(prpz) +

m1m2( —30(n-p;)3(n-p2)*+6(n-py)(n-p2)°pi

, 228 , 456 , 30 ., 38 s
+44(n-py) (n'pz)(pl'pz)_g(n‘pz)pl(pl'pz)—g(n'pl)(pl‘pz) +7(n-p1) p>— 3—,:_’(n-p1)p1p2

044004-8
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) 5 124 , 208 , 30 5 )
10(n-p;1)“(n-py) +—(n P2)°p —7(n-p1)(n-pz) (P1-p2) + gm-pz)(pl-pz) —7(n-p1) (n-p2)p3

T

124 L|me( 26 A , . 62
—2(np2)PiP3+ 3£ (N-P1)(P1P2)P3 m_i — = (n-py)*+4(n-py)’pi— 75epi

1 (40 . 16 , 8 ) 32,
+E 7 (n-p1)*(N-P2) = £ (N-P1)(N-P2)P1— £ (N P1)“(P1-P2) + 755P1(P1- P2)

1 2 X , 2 , . 8 16 , 2 2z 22
+m —7(N-p)*(N-p2) "+ 5 (n-Pp2) 1= g (N-P1)(N-P2) (P1-P2) + 57 (P1-P2) +7(n~p1) 105p1p2

1 12 5. 36 ) 4 2 4 2
+K§ —7(n~p1)(n-p2) +3—5(n-p2) (pl'p2)+g(n'pl)(n'Pz)pz_E(pl'pz)pz P1

+
m;m;

1/ 6 12 2, 1 (12 12 , 204

m_i —7(n~p1) +§(n~p1) P17~ 3eP1 +— 7(”'[31) (n'pZ)_3_5(n'p1)(n'p2)p1_¥(n'pl) (P1-P2)
28 , 1( 6 66 ., 192 o

+1—5p1(p1-pz) +m_§ —7(n~p1) (n-po) —3—5(n-p2) pit E(n'pl)(n'pz)(pl'pz)—2—1(91‘p2)

52

6 b0 2 5, G®[[ms 5, 1408 )
+3—5(n'P1) P2+§p1pz P2 +r_4 m_l _g(n p1)°+ 105(”'D1)P1

+m,

20 , 84 ) 124 , 1388 , 3128
7 (N-py)°+ £ (N-p)°(N-P2) = 752(N- PP~ 755 (N P2)P1~ 755 (N P1)(P1-P2)

20 ) 464 ) 68 5 24 2624
+my —7(n~p1) (n'pZ)_E(n'pl)(n'pZ) +E5(n'p2)p1+ 3—5(n-p1)(p1~p2)+E(n-pz)(pypz)

2

1472 | mila8 . 324 ,
+1—05(n'pl)p2 +m_2 7(”'[32) g(n'pz)pz n+

m5[ 62 2, 82
E _ﬂ(npl) 105p1

128

1664 188
2
Mgl ~ qg5(NPUF g5 (M P(NP2) 5p1+ Toe(P1P2) | +my

8
35(n pPy)(N-p2)— 15(” P22+ 105(p1 P2)

34 134 ) 254 148 2 2024

52 , 292 m? (3 , 14 G“ 574 174
—ﬁpﬁl—%(l@l'pz) +m_2 7(”'[32) 5P2 P2+ losmlmz(” P+ —= 5 mym,(n-py)

, | 38 3782 692 , , 3268
+mim; m(”'pl)"’ ﬁ(n'pz) N+ |57 MM+ 58 —=mm3 [p,
1116 , 164
—¥m1m2—?m1m2 P, (4.3a
po=(1=2). (4.30)
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To check the correctness of the expressionsxfarp,, we  Differentiation with respect to time leads to
employ them to compute the instantaneous energy loss of a
binary, at 2.5PN and 3.5PN orders by differentiating 1PN

accurate conservative Hamiltonian expressieae Hamil- d o oHIey . HD%ey . aHIGy .
tonian (2.5 of Ref. [15] truncated at the 1PN levil The gii=1enT . T o, et T, P2
contribution to the Hamiltonian above comes purely from the
matter part and it reads JHTIGy
3 P2. (4.9
2 2 4 4 P2
M g Thy P2 Omma L (pi i
<1P a:Pa 2m1 2m2 r 8C2 mi mg
5 ) We then replace the time derivatives xf, X5, p; andp,
Gmym; 3 P P2 7(p1-p2) occurring in Eq.(4.5 by their expression&.2) and(4.3). At
orc2 B FWL ﬁ + m;m, last, we write the particle momenta in terms of the particle
! 2 coordinate velocities with the help of relatio(&8). We in-
(n-p)(n-po) |  G2mymy(m;+m,) troduce the relative velocity, the relative position, the total
+ + mass and the parameter and multiply by—1 according to
m;m, 2r2c? L . . . .
definition (3.5). In this way, we obtain for the luminosity
4.9 [24]:
|
ﬁ(szi)&SPN: - &HZ?PN
A MY 2oz L EMI M L 4700+ 38402
=15 53 [24v"=22(n-v)"]—— 105 73 3 [—( V)V
, 2\p2 . ) 4 GM
+(4821+280p)(n- V) “J——— +[(914-784r)v"—2(1313- 1894)(n- v) “v"+ 3(508- 1012)(n- V) ]T
r
+[ (62— 344v)v8+3(58+284v)(n-v)?v*—4503—4v)(n-v)*?+ 1050 1—2v)(n-v)®] ¢ . (4.6)
|
Though this result differs from the instantaneous energy loss A. Legendre transformation

(3.14, one will see by using the method presented in Ref.  For the present computation, we require 1PN, 2.5PN and
[26] for averaging that it leads to the same averaged value, i3.5PN corrections to the familigr,=m,v, relations. So, we
agreement with Eqg4.20 and(4.21) of Ref.[26]. have to invert Eqs(4.2) giving X;= f (X1 ,%,P1,P) andxs,

respectively, in order to determin@;=f(X;,X»,X;,X5)
=f(Xq,X2,V{,V5) andp,. This will provide the link between

V. EULER-LAGRANGIAN EQUATIONS OF MOTIONS the particle momenta and the particle coordinate velocities
up to the order 1.

The aim of the present section is to compute the PN re- As the first step, we add Newtonian and 1PN contribu-

active corrections tax, employing two slightly different tions tox, to the right-hand side of Eq$4.2). These correc-
methods. We will see that the computation of these Eulertions are obtained from Eg&3.7a and(3.7b after replacing
Lagrangian equations of motion does not involve a Lagrangprimed quantities by their unprimed counterparts. Though
ian in either of these methods. However, we will require PNthe expression presented below refers to the first body, it
accurate relations between particle momenta and its coordghould be noted that similar expressions hold true for the
nate velocities. We turn to derive these relations in the nexgecond body. It is the full coupled system that must be in-

section. verted. The time derivative of the position has the form
: P L Saga 5.1
“The 2PN terms do not play any role in the computation of the Xl_vl_m_l+ 2 2t o5 st P 5.
2.5PN and 3.5PN energy loss, since they first couple with the reac-
tion force at the (2-2.5)PN=4.5PN order. whereas the structure @f after inversion is

044004-10
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1 1 1
pl:mlvl+ _282+ _585+ _7B7 (52)
Cc C C

The coefficientd,,Bs andB- in Eq. (5.2) are computed iteratively in terms éf,As andA; of by means of Eq(5.1). The
first-order coefficienB, is read directly from Eq(3.89. We get[24]

Gmym,

i 4
or = (n-vy)(n-vy)+ Vg

5 5

=myviv, + {=(n-vo)n+6v, =7V} +

p1=myvi+ — >
C

16 4 148
_g(Vl'Vz) — = (n-v)*+ —=(n-vy)3(n-vy)

J’_
n 7 7

G?mim, H 36

8 16
§(n'V1)+ 1—5(n'V2) Vi— g(n'Vl)Vz

12

104 8 164 ,
7 (

—7(n~v1)2(n-v2) (n V) (n-vy) 3+ —Vvi+

35 (V1-Vy)

2, 432 292 )
n-vp)“+ 5(“'V1)(n'V2)_§(n'V2)

, (48, 116 324
Vot 3_5(n'V1) _T(H'Vl)(n'vz)+ E(n'Vz)

1 , [ 13 , 52 44
+ 5o (V1o V) + _E(n'Vl) +?(n'V1)(n'V2)_2_1(V1'V2)

284 172, N 156 3 152 ) 76 2, 208 sy 212
~ 35 S (V1-Vo) + 105V2 V1 n 5 == (n-vy) E(n'Vl) (n-vy) 7(”'V1)(n'V2) E(H'Vz) E(n'vl)
416 36

992 5
5 (NV2) Toa(M V)~ 5 (n'v2) [V3|v

, ( 8 376
Vit _7(n'V1) 105(” Vo) [ (Vy- Vo) +

664

7 , 992 292 , (92 400
+ g(n'V1) ‘*‘g(n‘Vﬂ (n-vy) g(n'Vl)(n‘Vz) + g(n'Vl) 35(n Vo) |vit 2:I_(”‘V1)
1928 44 5 G2 3 168 ) 704 92 2 1412
105(” Vo) [ (Vy- Vo) — Zl(n'Vl)Vz Vo +r_3 miym, ?(n'Vl) —Z(n'Vl)(n‘Vz)— 105(V1 Vy)
, (3326 2812 82 g s, 202 2 B2 o e 27
mim; E(n-vl) 105(n Vi) (N-vy)— 5(n-v2) 35 —=(Vq- Vo) 5 n+| mim; 1—5(n~v1)
13 3 1636 232 1412 1607 1
+7(n-v2) +mimy| — 105(” vy)+ 105(” Vo) | |Vt 105 ———m3my(n-vy)+mim3 105(”'V1)—§(n'Vz) Vo
G* 5
+ r_4{[_ mym3—mim3In} |, (5.3a
=(1=2). (5.3b

B. First method to calculate the Euler-Lagrangian equations of motions

The calculation of the accelerations makes the connection with the Euler-Lagrangian approach. It is achieved in a first stage

by evaluating the total time derivatives of the functioqs f(X;,X»,p1,P>) andx,= f(X;,X,,p1,p,) as given by Eqs(4.2).
It is worth stressing that this method does not need the explicit knowledge of the Lagrangian. We can write indeed

.._d._akl.+ai<l.+(9>'<l.+a>'<l. -
17 ¢ Xl_ﬁxl X1 9% X2 s P1 P, P2 (5.49
.od. a>'<2.+a>'<2.+a>'<2.+a>'<2. & 4b
2= Gt Xz—axl X1 9% X2 Py P1 9P, P2. (5.4b

Inserting appropriate PN contributions IQ and ba given in Egs.(4.2) and (4.3), we obtain 1PN, 2.5PN and 3.5PN
corrections to the familiar Newtonian expression %grand it reads—apart from the 2PN and 3PN ternig4}:
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Gm, 1
n+—2
C

G

r2

m22

. 1 .
X1=— - (pl p2)+ (n P2) 2p2

n+

™2 (0. p) — 3 (n-py)
—_— n. —_ — n.
mi P21 m, P2) | P1

G? ) 1]G?
r—3[5m1m2+4m2]n +C—

r3

1 1
_4m_l(n'p1)+3m_2(n‘p2)}p2] +

96
{—5( 24<n~p1>3+g<n-pl>pi)
m;

1 , 72 )
to 48(n-py) (n-pz)—g(n-pz)p1—24(n-p1)(p1~pz)
1
24
+€p§) ]n

1( 72 2,
|~ 5 (P

72 )
+ | 5 (NP2)(P1-p2) +(n-pa)| —24(Nn-py)

P1

m, (64 2882156 16 1/ 8 8,
m_i —(n P1) E —g(n'Pl)(n'P2)+ g(Pl‘pz) +m_2 _g(n'pz) +1_5p2

32

1(72 32 ) G3([16 , (8
+E 5 (NPD(N-P2) = 5 (P1-P2) | P2 | + 7| | 5 M2(N- )+ MaMa| 5(N-Pa)

G2
r3

8 8 1
15m1m2 15M2|P1 +?

8 m, . 1146 .
—g(n-pa) [N — | —46(n-py)°+92n-py)°pi— —=(n-p1)Py
my

1 4 1756 934 4 536 1772
E 214n-py)*(n- pz)__(” p1)%(n-po)pi+ 35(n~p2)p1 (n P1)3(p;- p2)+ (n P1)P3(P1-P2)
1

1

1452 ,
> T(n'pﬂ (n-p2)(P1-P2) —44(Nn- P2)P1(P1- P2) +
mim;

1322
= (n-p2)?ps

46
—282n-py)*+ 7p§) (n-py)°+

120 ,
__(pl p2) 10P1p2 (n-py) |+

816 )
E(pl' p2)

mz[—42(n- P2)%p% +(n-py)?[106(n- p,)®—2(n-p,)p3] +
1112

398 ,
+ 35 PPz (n-py) +

284 3 608
—g —(n: P2)*(P1-P2) — g(n' P2)

1032 ) 232 )
— 7 (0-p2)"(P1-P2) + 55 (P1-P2)P2 | (N-Py) | +

1

X(Py-P2)P3+ -
my

, 116 92,
8(n-py) _T(n'pz) p>+ 35P2 (n-p1)

m, [ 334 3028 386 4
n+y— —(n p)*— (n p1)? p1+zpl +
m;

752 828 , 264 984 , 208
X _T(n'pl) (n-p2)+7(n~p1)(n-p2)pl+?(n-p1) (pl'pZ)_Epl(pl'pZ) +_g _T(r"pz)
, 1436 16 ,| 1 [ 214 , 1296 40 , 10,
(n P2)2p5— 15 P2 +2_2 (n P2)°p _E(n'pl)(n'pz)(pl'pz)"'7(p1'pz) ~ 51P1P2

) 814 5 )
+{ 6(n-py) +Epz (n-py)

1 60 5 428 584 3 2544 5
e —7(n~p2) (P1-P2) + 35(p1 P2)P5+ ( “P2) 35 —= (N-p2)p3

my

N 1 8 ap 4416 22 838 . 1 1684 7004
X(N-p1)| P2 E —82(n-py) E(n'pl) pl_gpl 2—mz _(n p)3(n-py)— 5z 35 (n-py)(n- pZ)pl

[ 2542

2 ) 396 , 5 142 248 )
—g(n-pl) (P1-pP2)+ 7p1(p1-p2) +— 35 (n-p2)“p +—(n P(N-P2)(P1-P2) — = (pl-pz)

622 1394

, 898, , 2512
plpz _T(n'pz) +§p2 (n-py)

144 >
- —(n P2)2(P1-P2) + T(Drpz)pz"‘

284 3
7(”' P2)

1
T3
2

G3
_|__

18084 2472

19984 ,
h\3 2
35 (n-pg

105 M1

608 5316
35(n pz)pz)(n pl)”pz [__(n py)(n- p2)+

) — —(n PUPI| +
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45592

43208
~ 105 —= (P1-p2) | (N p2)+

, 31184 ,
n p1)3— 35 (n-py) (n’p2)+ﬁ(n'p2)pl

3916 56752 ) 952 19276
+ 15 —=pi+ 105 —z(P1-P2) | (N-py) [+ (n P2) +—(p1 p2)— 105 ——==p3|(n-py)
my 6464 1848 ) 6716 5
m,| 35 —=(n-py)3+ —5(N-p2)"= 75z P2/ (n-p1)
13868 5 6724 1768 5 2104 4366
+| —184(p1-po) + sz (n-p2)|(n+ ?(n'pl)(n'pZ)_f(n'pZ) _f(pl'pz) 105 pz
m% 9876 ) 2874 m2 20264 ) 6124 872 2 13172
F"{ 35 (N"P)™+ =5~ pl m, |~ 105 (n-p)"+ == (N-P)(N-P2) + 75 P1~ — 55 (P1P2)
N my 8 2, 596 N 19604 5 43328 348 2, 12356 12356
m, ( 30052 ) 2734 18 125 2, 704 3874
G* 296 8 344 872 352
+r_5 15 ——=m3(n-py)+mim, 35(n py)+ 15(” py) | +mym3| — 35(n-p1)+ E(n‘pz)
8 226 218 58 62 -
+ 105m1m2 105m1m2 105m2 pl+ 21m1m2+ 35m1m2 p ( . 3
X,=(1=2). (5.5

We now go on to presem, in terms of &,,v,). As Egs.(5.5 involve p, at 1PN, 2.5PN and 3.5PN orders, we use only
Newtonian, 1PN, 2.5PN contributions pg, given in Eqs(5.3) [rather than Eq93.8) truncated at the 1PN approximation

After some heavy algebra, we get=f(X1,X,,V1,V5) andX,=f(Xy,X»,V1,V,) [24]:

2

X, = — N+[4(n-vy)—3(N-Vy) J(Vy—Vy) | +

G mp 1/G mp 3
C2

2 2 2
2 n+— ® E(n-vz) —Vit+4(Vy- Vo) —2V5

m;
3 [5mMy+4m,]n

1(G*mm, 5 , 12, 72 , 96, 24
+= 3 —24(n-vy) >+ | 48(n-vy) — = Vit — (V- Vo) [(N-Vo) +| —24(Nn-Vy) + — VI —24(Vy-Vy) + = V5
c r 5 5 5 5

, 56 8 , 8, 16 8 , 12
X(n-vy) N+ =(n-vy) "= =(n-vy)(N-Vp) = £ (Nn-V3) 1—5 + 3 (vivg) + 15V2 Vit| = 5 (V) £ (nvy)

32 , 32
X(Nn-vy)+ gvl—g(vl-vz) \ n—|—m;+—

15 15

G3mym, ([8
T gml(n-v1)+m2

-+

, 284 3 12
—42\/1+7(v1~v2) (N-Vy)°+ | ——

16 8
g(n'Vl)_g(n'Vz))

1

C7

2
° m31m2 [ [ —46(n-v;)5+214(n-vy)*(n-v,) + 106n- v;)2(Nn-v,) 3+

r

1032 284 ,
— 7 (V1 V) =V

) , 536 46
- —282n-v,) +56v1—7(v1-v2)+ V2

(n-vy)(n-vp)?+

1452

) ) 6, 184 , 816 146 104
+7(v1-v2)+22\/2 (n-vy)e(n-vy) +

7V1_ ?Vl(V1'V2)+ E(Ver)2 35 V1V2 35 (V1'V2)V§

(n-vy)
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, 138, 932 120 , 38,, 188 , 52,
+{ 8(N-Vp)* = Vit == VE(Vy- Vo) — (V1'V2) _ngVz—g(Vl'Vz)Vz“‘ 7 V2 (n-vy)

35 V1" 35 n+

334 4
T(H'Vl)

208 ap 1006 2392

2 3 584 3 40 3748
—T(H'Vl) (n-vy)+ 7(“'V1)(n'V2) —T(WVz) To5 V1~ 105V1(V1 Vo) + = (V1 Vp)2+

35 Y

1296 1564

548 , 22 , 36, 356 264
_E(Vl'VZ)_Tvz (n-vy)(n-vy)— 105V1V2 E(Vl'Vz)Vz_ §V2+

6(Nn-vy)%— 35 +?(V1'V2)

814 5 1098 60 276 , ) . 1684 3 284
JFEV2 (n-vy)e+ 35 7(v1-v2)+7v2 (N-Vvy)7|vy+| —82(n-vy) +7(n-v1) (n-vy)+ 7(n~v1)
3, 2542 2512 , 614 1868 248 , 102 496 )
X(Nn-vy)®+ 35 35 —e (V1 Vo) [(Nn-vy) _Evl—'_ 35 V1(V1 Vo) — (V1'V2) _TVle E(Vl'Vz)Vz
6752 , 1424 104 ,
_Evl 7(V1'V2)_§V2 (n-vy)(n-Vvy)
N 1394 p, 3912 3912 4852 | 646 646 ) N G3m;m, 7428
7(nvz) 35 35 (Vl'VZ) 35 V2 (n Vl) V2 r4 ml 35 (n Vl)
15492 10156 488 1128 ) 1828 472 3692 ,
35 (n-vy)“(n-vy)+ 105 ?(Vl'vz) (n-vy)+ T(n'Vz) T +T(V1'V2) 105V2
y N 0188 s 23776 ) 327 3y 6692 , 18656 , + 9472
(N-Vg) |+ My 2= (1-v2)® = 2= (V1) 2N V5) = 2~ (V) | 5z (N-V)? = oz Vit 2~ (V- V)
10064 , N 5308 22576 N 6896 , N 3516 2, 2528
105 V2 n-vyp) 35V 1—05(V1'V2) 105 V2 (n-vy) [n+|myg E(n‘VD T(n‘vl)(nvz)
152 2, 84 , 2672 932 , 17308 5
15 (n'VZ) 5 Vl 105 (Vl VZ) 105V2 2 105 (n'vl)
N 04 118 2, 4394 7852 N 1194 , N 9356 , 488
284 128 N 16052 , 1524 N 7256 , 3358, 6028
35 15 (Vi Vy) | +my W(n'V ——(n-vy)(n-vy) 105(”'V2 E 105 A (V1-Vp)
2726 G*mm, ([ 8 152 164 96
—Evz Vo +r—5 35ml(n v1)+m2 15 —(Nn-vy)+ E(n-vz) +mym, —7(n-v1)+12(n-v2) n
N 8 2 394 386 162 382 , -
105™ " 105M M2 152 Vit | 35 MMat T5M2 Vo | (5.69
X,=(1=2). (5.6b
I
In the next section we show the second way to compute the ) OH
equations above. Pa=— 7, (5.7)

9Xq

C. Second method to calculate the Euler-Lagrangian

. : where we replac{aa by the derivative of the right-hand side
equations of motions

of Eq. (5.3). The formal time derivatives of; andx,, de-
The second route is less straightforward, but leads to thggted bya;, anda,, respectively, are kept unevaluated. The

confirmation of the precedlng result. We start from therlght hand side of Eq(5.7) involves the reaction contribu-

Hamiltonian equation$§2.3) for p,: tions Egs. (4.3, as well as the Newtonian and post-
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Newtonian part;{3.7). We systematically eliminate the par- after multiplying these relations by,=v; or x,=v,, re-
ticle momenta in favor of the particle coordinate velocitiesspectively, we sum to obtain

by means of Egs(5.3) (without 1£7). To calculatex,, we ) )
consider the coefficient ody in p;, and invert it up to the My (X1 V1) +Ma(Xz- Vo) =N (X1, X2,V1,V2).  (5.13

7 . . - .
order 1¢ . The equation of motio5.7) in its present form This is not yet the instantaneous energy loss due particularly

is multiplied by the latter result. Next, we gather all termsto the presence of the Newtonian and post-Newtonian terms
but a; in the right-hand side. Simultaneously, the accelera—Coming from Eqs(5.6). We then must search for the function

tion x, is isolated in the same way. We arrive at the coupledg:g(x1 X, ,V1,V,) to be added td as defined in Eq(5.13

system: in order to isolate the radiative 2.5PN and 3.5PN parts,
. . . . which does not only amount to removing the Newtonian and

&y = f(X1, X2, X1 = V1, %=V, X1 = 81, X2 = 3p), (5.88  post-Newtonian contributions. We shall then be able to find
_ _ the average power by substituting\td its value(3.16).

A= (X1, X0,X1=V1 ,Xp=Vy, X1 =87 ,Xp= ). (5.8b The correct energy loss is given by the time derivative of

E=H(X1,X2,pP1(Xa,Va),P2(Xa,Va)) truncated at the 1PN
The various contributions are sorted in powers af, ldnd  level. The particle momenta of the 1PN Hamiltonigh4)
labeled with two different indices. The second index refers taare expressed by means of the particle coordinate velocities
the 1t exponent, whereas the first index identifies the body15.3) up to the order T° (only). When performing the dif-

N stands for the Newtonian part, ferentiation of the resulting energy with respect to time,
1 1 1 =a, andx,=a,—coming from the derivatives of,=v; and

a1=Nyot+ —fio(ar,8) + <fis(ar,a) + —fida,a), xp=V,—are replaced by expressiors.6), except in the

c c c Newtonian termm.(a; - v;) +my(a,-v,) where they are left

(5.99  unevaluated. The functiog=g(x;,X,,V1,V,) is just the dif-
ferenced&/dt—m;(a;-vy) —my(ay- vy).
1 1 1 By construction,h+g contains no Newtonian or post-
3, =Nyt —fola,8) + —<fas(ar,a2) + —=forag,ay). Newtonian terms. It actually represents the instantaneous lu-
¢ ¢ ¢ inosity £}, = — d&/dt, we intended to check, given b
(5.0p ~ Minosity L3 epy= , We intended to check, given by
the negative instantaneous energy e result of the
The decoupling is achieved by iterative substitution of Eq.2veraging procedure in the case of quasi-elliptic orbital mo-

(5.93 into Eq. (5.99 and vice versa. We get tion is in agreement with our preceding results and with Egs.
(4.20 and(4.21) of Ref.[26].

1 1 1
a; =Nyt —0i(a) + —Gis(a) + —0iAa), VI. COMPARISON WITH THE IYER-WILL FORMALISM
C C C

(5.109 In this section we shall show that the dissipative parts of
Egs. (5.6) are compatible with the generic reaction force of
1 1 1 lyer and Will[2], depending on (2 6) gauge parameters, as
a,= Nyt —Zgzz(a2)+ —5925(a2)+ —7g27(a2). the ones given in the Eq&4.19—(4.10 in Ref.[2]. The first
¢ ¢ ¢ two parameters at the 2.5PN order and the six coefficients at
(5100 the 3.5PN order correspond to the gauge freedom.
As a matter of fact, it is sufficient to prove that for certain
values of the unknowns, the latter reaction force coincides
with ours. This requires us to compute the relative accelera-

Next, we compute, anda, iteratively, and insert the result
into the right-hand sides of Eq&.10. The acceleration has
finally the following structure:

tion
= f(Xq, X0, X1 =Vq,X2=V>), (5.11a A= ayyi=ay — By =X1— %o 6.1)
A= f(X1,X2, X1 = V1, Xp=V5). (5.11b  from Eq. (5.5 for x;=f(x;,%,p1,p) and X,
=f(xq,X2,p1,P2), respectively, and to go to the center-of-
We recover Eqs(5.6). mass frame
In order to confirm the correctness of expressions above
for x, andX,, we shall check it yields the correct energy loss p1+p2=0. (6.2)

(3.18. For this goal, we begin by deriving the reaction forces

with the help of Eqs(5.6) As the accelerations we start with are functiongpfindp,

rather tharv, andv,, we must simply sep, to p andp, to

Freac my, | (5.123 —p in a=a(xy,Xs,p1,P2) [see Eq(6.1)].
F5o% myX, (5.129 SThe full result for(£&) 5py is presented in Ref24].
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The next step consists of establishing the link between th&Ve make the substitutionp;—p and p,——p in v
particle momentap and the relative velocityw=v;5:=v, =V(X1,X2,P1,P2). The relationv=v(x;,X,,p) can be in-
—V, in order to eliminate the particle momenta fromn verted with the aid of the iterative method described above to
=a(X;,X,p). We thus restore the Newtonian and post-get the momentum as a function of the relative velogity
Newtonian part in Eq94.2) and calculate the relative veloc- =p(X1,Xz,V). Inserting p=p(X;,Xz,v) in a=a(Xy,X,P)

ity leads toa=a(x4,X,,V). After introducing the total masi
o as well as the dimensionless mass parametiérough Eqs.
V=V39:=Vy — Vo =X — X. (6.3  (3.10 and u=vM, the relative acceleration reaf®4|:
|
GM 1/[GM , 3., o G*M?
a=——nt—|— —(1+3v)ve+ zrevin+(4r=2rv)vy + (4+2v)n
r 2\ r 2 r3
1| G*M? iy 98 o | (64, 88, L GM°[16 8
e e = L s T " STvn— g
1(G2M? : : 138 516 : 4.
— _ 5 5.2 4l _ T e T2 2 3., _ 3.2
o 3 H 46r°v+24r°ve+v 35rv 35l’v )+V 56r°v 7r V) n
334 268 1006 64 2356 148
D iV B S | ) 2( 2 T2 2
+7rv 7rv+v(105v 1051/) V( 35rv+5rv)v]
G°M*®[[10188, (324, 5, of 18656 1116 || [ 17308, 244, , (4394 16 ,
o 35rv 7rv Vv 105[’1} 35I‘V n 105[‘1} erV ' 105V 35V \"
+G4M4 152 632 , 386 16 , 64
—r5 —1—5I'V—1—ObJV n— 1_05V 1—51/ \% ( )
|
with the notation M .
Az spr=agVve+ a -t agr?, (6.70
r=(n-v)=(Ny Vip). (6.5
M .
This result corresponds to the generic equation of motion Bo.spen= V2 + sz+b3f2, (6.70

(1.4) and Eqgs(2) in Ref.[2] by lyer and Will (in the follow-
ing equations we tak&=1=c):

M . ..M
Az spn=C VA CZVZT +cavir?+ c4rzT

d'r M +M[ (A1pnTt Aspnt Aszpy)
—=——n+—[n
e 2" 1pnt Azpnt Agp . M2
) +CsM"+Ce— (6.70
+1V(Bipnt Bopnt Bapn)] '
8 MM . 2M 2°2 .2M
+§Vr_2 T[rn(A2.5PN+A3.5Pr\D_V(Bz.5PN+ Baspn ] Bg.spn=dvA+d,v T+d3vr +d,r I
+d5r4+d6—2. (6.71)
r

with [see Egs(2.29, (2.2b), (2.5 and(2.12) in Ref.[2]]

3 M Note that we are not interested in the 2PN and 3PN terms in
Alpn=—(1+3v)V?+ =vr2+2(2+v)—, (6.7a the present work.
2 r lyer and Will establish in Refd2,6] that the energy and
angular momentum balances hold if and only if the coeffi-
Bipn=2(2—), (6.7b  cientsa;,b;,c; andd; satisfy the following relations:
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23
a;=3+3p, az=§+2a—3,8, az;=—5p, (6.8a

b1=2+a, b2=2—a, b3=—3—3a (68b)

for the 2.5PN coefficientesee Eqs(2.11) of Ref.[2]], and

1 3
C1= 55(117+1320) — 5 B(1—30) +38,~ 35,
(6.99

1 3
Co= " 55(297-3100) ~3a(1~4v) ~ 5 B(7+13v)

_261_362+355+356, (69b)

5 5
Ca= 5g(19-720)+ 5 B(1~3v) = 56,+58,+53%,

(6.99
S 687—368v)—6 L 54+ 17
C4——§3( —368v) —6av+ Eﬂ( +17v)
~28,—58,— 60, (6.99
C5: _754, (699

1
Co=— 57(1533+ 498y) — a(14+9») +3B(7+4v)

—28,— 365, (6.9

d1=—3(1—3v)—ga(1—3v)—51, (6.99

1 1
dy=— 5(139+7680) — 5 a(5+17)+ 81~ &,
(6.9h

1 3
ds= 55(369-624v) + 5 (3a+2)(1-3v)

+368,— 36, (6.9)

1 1
d;= 4—2(295— 335v) + Ea(38— 11v)—3B(1-3v)

+28,+455+38, (6.9)
5
ds= 55(19-72v)~5B(1—3)+55, (6.9K
1
do= — 57(634—66v) + a(7+3v)+ 55 (6.9))

PHYSICAL REVIEW D 68, 044004 (2003

for the 3.5PN coefficientbsee Eqs(2.19 of Ref.[2]].°

The two parametera, 8 at the 2.5PN order and the six
coefficients§; at the 3.5PN order correspond to the gauge
freedom and have no physical meaning. As mentioned in
Ref.[8], at the 2.5PN order, the values= -1, =0 char-
acterize the gauge of Damour and Derug8], while «
=4, B=5 correspond to the so-called Burke-Thorne gauge
(see, for example, Sec. 36.11[@9]) also used by Blanchet
[7].

It is then a nontrivial check to verify that the 18 coeffi-
cientsa;, b;, ¢; andd; parametrizing our 2.5PN and 3.5PN
terms[Eqgs. (6.70—(6.7f) specialized for Eq(6.4)] yield a
unique, self-consistent solution for the 8 gauge coefficients.
They are[24] for the 2.5PN order:

5
a=z, B=3, (6.108

and for the 3.5PN order:

5_41 677 5. 61 151 6.10
et m 2T (6.100
5_583 157 5_115 15 6.10
Tt % 7 (6.100
P 961+16 P 51 23 6.10
- R VIR Vg (6.109

VIl. DISCUSSION

In this paper we have computed PN reactive contributions
to the ADM Hamiltonian for a pair of compact objects mov-
ing in general orbits, using existing results available for the
post-NewtonianN-body Hamiltonian, computed by Jara-
nowski and ScHar [1]. The two-body Hamiltonian is em-
ployed to compute the first PN corrections to the instanta-
neous gravitational energy loss associated with inspiraling
compact binaries. We also derive PN corrections to reactive
equations of motion via Hamiltonian and Euler-Lagrangian
methods. The expressions for PN reactive accelerations,
computed in the ADM gauge, are consistent with those of
lyer and Will. Employing the various reactive equations of
motion we also computed instantaneous gravitational wave
luminosity for the compact binary in general orbits. These
luminosities are in total agreement with their orbital aver-
aged counterparts in the case of quasi-elliptical orbital mo-
tion.
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APPENDIX: HADAMARD REGULARIZATION

Let f be a smooth real-valued function defined dhde-
prived of a pointx, e R®, where it may be singular. We con-
sider the family of auxiliary functions,(&):=f(xy+en),
labeled by unit vectors. We expandf,, into Laurent series
arounde =0

(A1)

fn(s)Zm:EN a,(n)e™.

The coefficientsa,, of this expansion depend on the unit
vectorn. We define the regularized value of the functfoat

Xo as the coefficient o&° in the expansior(Al) averaged
over all directions:

fredXo) = § ap(n)dq, (A2)
where dQ) is the elementary solid angle viewed from the
point X. This procedure is called Hadamard regularization.
To calculate the integrals in E¢A2) we used the following
equations:

— % niini2...nidQ =0 for oddl, (A3a)
4
_ [T P T | iy o, —1iap}
4W§n1n2 nizedQ = o +1)”5{ 2, ., Slw-1iop} (A3D)
2p—1)1!  terms
|
with (2p+1)11=1-3-5.- ...-(2p+1). The curly braces in A ot &
Eq. (A3b) mean the symmetric combination of the indices: 9, = f(r'12,+g'l)=|2O Wa,_rrlnz,
81 11 = 51 5+ 5% 51+ 871 5% < (D',
" (Ad) :IZO T MMy dl Ty - (A7)
11 terms -

During the identification process of the primed and unprimedMe now perform the first angular integration over the terms
variables,x;,—X; and X,,—X,, in the calculation of the of Eq.(A5) depending on the variable labeled bY. Here is
derivation of the Hamiltonians given by the Ed8.6) and m=-3 andl=
(2.8), some singularities appear. The purpose of the regular-
ization is the elimination of these singularities. It is a matter
of choice whether we apply first the regularization for index
1’ and then for index 2 or the other way around.

As an example, we shall apply the Hadamard regulariza-
tion procedure on the term =

i j; LW OR (o PP

(1)'|z

3 1 i nonk do
“ T M11° 002y 1o 7~ ¢ MMy Ny dQap

1 1 o
N1+ Noor )(Nqq7 - Noor - -3 b
(N117- N2 ) (N11r - P1) (N22r - P2) =§'9(12')abr12rﬂﬂgnlllrnjllfniynlydﬂll'
ETORTPY

- OS] —2,-3 1 31 ij sab_ sia gib | sib sia

—nll,nzz,nll,plnzz,pzrll,l’l,z,. (AS) :Eﬁ(lzl)abrlz,l_S(ﬁ 5a +6%6 +5| o )
We intend 'Fo |dent|fy |.ndex I1 Wlthilas a first step. We start = 3_0(2(9(12,)” r1_2?+ 5”A(12')f1_2?)- (A8)
by calculating the limit foro;=—r,,,—0 after the replace-
ment; _

By using
i i i i i . N

=T =Ty =T+ 0l (A6) a;r™=[m(m—2)n'ni+ms'rm-2, (A9a)

in Eq. (A5). To this purpose, we expand Ar"=m(m+21)r™ 2, (A9b)
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we get order zero in power o@iz) depending on the variable labeled

j by 2’ can be performed immediately because there are no

[ 4
1 o Ny Ny singularities in Eqs(A11) for o}, —0:
2 _3 12112 g q e
41 é Ny Myl dQy=—%5— (A10) ?
12 i i ik Y S
. _ N1N1P1P2 [ 1 ik CNNpPiPe (1,
In further computations we replace the terms on the right- —r5 A oo Mo Ao | = (5 3 :
i i 12 12
hand side of Eq(A10) with (A12)
[ i [ i [
My =r1t0,, =105, All .
127~ M2 oz =12 €2 (All9 The result is
F2 ;  Tox ; M2 Q2
Nyp= "Nt Ny =N+ =N, . (N1 N2 ) (N11r - P1) (N22r - P2)
Mo Mo Mo Mo 2 3 XX
(Allb) EEURTPY v
X2:~>X2
The second step will consist in identifying index 2 with. 2 (N1z P (Mg Po)
We calculate the limit fop,=r, —0. The second angular - 121—5122 (A13)
integration over the finite part terngise. the terms that are of 3ri,
[1] P. Jaranowski and G. Sdes, Phys. Rev. b5, 4712(1997. ferentielles(Hermann, Paris, 1992
[2] B.R. lyer and C.M. Will, Phys. Rev. [32, 6882(1995. [17] G. Sch#er, in Symposia Gaussianadited by M. Behara, R.
[3] T. Damour, B.R. lyer, and B.S. Sathyaprakash, Phys. Rev. D Fritsch, and R.G. Lint#Walter de Gruyter, Berlin, 1995pp.
63, 044023(2001. 667-679.
[4] T. Damour, B.R. lyer, and B.S. Sathyaprakash, Phys. Rev. Q18] P, Jaranowski and G. Sdiea, Phys. Rev. [57, 7274(1998.
66, 027502(2002. [19] P. Jaranowski and G. Sdiea, Ann. Phys.(Leipzig) 9, 378
[5] J.M. Weisberg and J.H. Taylor, in Radio Pulsars, ASP Confer- (2000.
ence Series, 2002, astro-ph/0211217. [20] S. Wolfram,Mathematica: A System for Doing Mathematics by
[6] B.R. lyer and C.M. Will, Phys. Rev. Let0, 113(1993. Computer 2nd ed.(Addison-Wesley, Reading, MA, 1993

[7] L. Blanchet, Phys. Rev. @7, 4392(1993.
[8] M.E. Pati and C.M. Will, Phys. Rev. B5, 104008(2002.
[9] M.E. Pati and C.M. Will, Phys. Rev. B2, 124015(2000.

[10] R. Arnowitt, S. Deser, and C. W. Misner, {@ravitation: An
Introduction to Current Researcledited by L. Witten(Wiley,
New York, 1962, pp. 227-265.

[11] T. Ohta, H. Okamura, T. Kimura, and K. Hiida, Prog. Theor.

[21] T. Ohta, H. Okamura, T. Kimura, and K. Hiida, Prog. Theor.
Phys.51, 1220(1974.

[22] L. Blanchet and G. Faye, J. Math. Phyi4, 7675(2000.

[23] T. Damour and N. Deruelle, Ann. I.H.P. Phys. Thet8, 107
(1985.

[24] C. Konigsdaffer, Master's thesis, Friedrich-Schiller-

Phys.51, 1598(1974). Universitd, Jena, 2002.
[12] G. Schier, Ann. Phys(N.Y.) 161, 81 (1985. [25] R.V. Wagoner and C.M. Will, Astrophys. 210, 764 (1976);
[13] T. Damour, P. Jaranowski, and G. SfdraPhys. Rev. D62, 215 984E) (1977). _

044024(2000. [26] L. Blanchet and G. Sclier, Mon. Not. R. Astron. Soc239,

[14] G. Schéer, in Very High Energy Phenomena in the Universe 845 (1989. _
edited by Y. Giraud-Fieud and J.T.T. V@ (Editions Fron-  [27] N. Wex and G. Scffar, Phys. Lett. A174, 196 (1993; 177,

tieres, Paris, 1997 pp. 313-318. 461(E) (1993.
[15] T. Damour and G. Sclier, Nuovo Cimento Soc. Ital. Fis., B [28] T. Damour and N. Deruelle, Phys. Le87A, 81 (1981).

101, 127(1988. ] [29] C.W. Misner, K. Thorne, and J.A. Wheel&ravitation (Free-
[16] L. Schwartz,Analyse II, Calcul Diffeentiel et Ejuations Dif- man, San Francisco, 1999

044004-19



